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The nonsingular, nonlinear Volterra integral equation of the second kind for the surface temperature
of a cylinder with a continuous heat sink is solved numerically by a simple, but robust, procedure based
on a composite formula. The present scheme is capable of handling stiff and nonstiff kernels expressed
in terms of infinite series that contain standard functions. The numerical method is tested by imposing
linear and nonlinear boundary conditions at the cylinder surface. The boundary conditions and source
terms are treated explicitly without resorting to a linearization technique. To show the versatility of the
numerical scheme, two classes of nonlinear boundary conditions are considered, the Stefan - Boltzmann
boundary condition and the time-dependent Newton’s cooling law. The accuracy and robustness of the
present method for solving Volterra equations of the second kind are verified considering two different
forms of the source term. Two additional methods of selution are used in this investigation as benchmarks.
One of them is a pseudospectral approach and the other is a standard finite difference calculation. The
integral equation scheme is found to work well over the entire nondimensional time domain. Numerical
results are presented for a wide range of Stark numbers and steady-state Biot numbers. The numerical
scheme is computationally efficient and yields stable solutions. Changes in the geometry alter the form
of the kernel in the integral equation, but the general principles used should be applicable to solve

nonlinear integral equations.

Nomenclature

= dimensionless relaxation time constant, yR*/«a
coefficients in Fourier series

Biot number, AR/A

Stark number, eaT3R/A

nondimensional generalized boundary condition
auxiliary functions in discretized integral equation
dimensionless initial time step

convection heat transfer coefficient, W m™ K™
modified Bessel functions

Jo, J; = Bessel functions of the first kind

Jj» k, I = indices in discretized equation

= Predvoditelev criterion, BR*/«

= Pomerantsev criterion,

R*woA™'T5", RPwoAd ™ (T — To)™

= radius of cylinder, m

= radial coordinate, m

dimensionless source term

temperature, K

time, s

= weights for computing integral equation

= maximum specific strength of the source at t = 0,
W m™’
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a = thermal diffusivity, m* s™*

B = maximum relative rate of change of the
dimensionless specific source strength

v = relaxation time constant, s~

A, = radial component of Laplace operator
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cylinder emissivity
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e = heat transfer law for given boundary condition
evaluated at previous times

n = dimensionless radial coordinate

6 = dimensionless temperature

A = fourth-order algebraic equation

Am A = eigenvalue, thermal conductivity, W m™' K™

I = eigenvalues of Bessel functions of the first kind of
integer order one

v = dummy variable in integral equation

11 = kernel of integral equation

o3 = general function in integrand

o = Stefan-Boltzmann constant, W m~? K™*

T = dimensionless time

X = noise function in integral equation

v = generalized kernel of integral equation

I. Introduction

N science and engineering fields the description of physical

phenomena is often formulated in terms of integral equa-
tions. The neutron transport theory, which yields the well-
known Boltzmann equation in atomic physics, constitutes such
a typical example. The momentum representation of the Schro-
dinger equation to the special case of a static interaction po-
tential in ordinary space results in a homogeneous Fredholm
integral equation. The formulation of heat transfer problems in
terms of integral equations is another area that has potential
advantages. For instance, the analysis of heat transfer problems
by an integral method is easy to understand and lends itself to
direct physical interpretation. One of the most attractive fea-
tures of the integral method formulation is that the resulting
solution would imply that the integral conservation of quan-
tities is exactly satisfied over the whole calculation domain.
When a heat exchange mechanism between a solid material
and its environment involves conduction coupled with other
heat transfer modes such as radiation' and convection,” non-
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linear effects arise, and the solution of the energy equation by
conventional finite difference methods may become cumber-
some. If, in addition, the thermal process requires that a heat
source term be taken into account to simulate the physics of a
problem correctly, the incorporation of the source term into
the discretized equations is not a trivial matter. The versatility
of the integral equation (IE) approach, however, resides in the
flexibility of treating the nonlinear boundary conditions and
source terms without resorting to a linearization technique. The
linearization procedure has become a common practice, as can
be demonstrated by the widely used commercial codes imple-
mented with semi-implicit algorithms.®> The choice is made,
not because it provides better results, but because the nomi-
nally linear framework would aillow only a formally linear de-
pendence, and the incorporation of linear dependence is better
than treating the term as a constant.

Problems in which thermal radiation plus other modes of
heat transfer occur simultaneously cannot be solved using pres-
ently available mathematical techniques. Except in the simplest
cases, it is usually necessary to resort to numerical evaluation
of the solutions. Thermal radiation is the most common heat
transfer mode that occurs in specialized high technological ap-
plications, such as thermal sprays for rapid solidification of
advanced materials,® liquid droplet radiators of spacecrafts,’
and determination of thermophysical properties of spherical
solid or liquid droplets levitated in outer space.® In the rarefied
upper atmosphere, the effect of radiation becomes very signif-
icant indeed, and it becomes desirable to be able to predict the
time variation of temperature. It is this time-dependent prob-
lem, as applied to a cylinder, that is considered in this work.

There is another class of problems for which the heat flux
at the surface of a solid wall varies with time. In particular, in
geothermal studies the heating (or cooling) of a rock adjacent
to water flowing through a crevice experiences a heat transfer
process in which the convective heat transfer coefficient varies
as a function of time.” Becker et al.” simulate the heat exchange
process by assuming that the rock is flat and long enough so
that Cartesian coordinates can be used. In the present investi-
gation, the boundary condition, for the cylindrical configura-
tion, is allowed to vary not only as a function of temperature,
but also with time.

The pioneering work of Chambre,” Abarbanel,® and Crosbie
and Viskanta® set forth the foundations for the development of
solutions to heat conduction problems formulated in terms of
integral equations subject to nonlinear boundary conditions.
The numerical schemes developed by Chambre’ were based
on successive approximations. Abarbanel® developed asymp-
totic expansions and proved that his solutions were consistent
with results deduced from physical arguments. Crosbie and
Viskanta® employed an alternate method of solution based on
an approximation of the kernel by a separable kernel. These
methods are limited to a restricted range of the independent
variable. More refined analytical approximations' and numer-
ical techniques'®™"* have surfaced in the literature with nu-
merical stability and convergence properties subjected to the
type of functions that appear outside of the integral sign. A
number of numerical methods>'*'* have placed much emphasis
on solving nonlinear Volterra equations with singular or well-
behaved kernels, but not much consideration has been given
to nonlinear convolution integrals with nonsingular kernels in-
volving infinite series. The difficulty increases when the kernel
is expressed in terms of Bessel functions, spherical functions,
or some other special function. Furthermore, the inclusion of
a heat sink places some restrictions on the stability of previous
methods. In this study, an integral formulation of the heat con-
duction equation with a heat sink gives rise to a nonlinear
Volterra integral equation of the second kind with a nonsin-
gular kernel expressed in terms of an infinite series. In view
of that, the main objective of this investigation is to apply a
simple, but robust, newly developed multistep method for solv-
ing nonlinear integral equations. One advantage of the pro-

posed linear multistep method is that larger initial time steps
can be taken by introducing a mathematical artifice. Another
relevant feature of the method is that boundary conditions and
source terms are treated explicitly, avoiding the undesired tra-
ditional linearization process.

Two alternatives to solving heat conduction problems sub-
ject to nonlinear boundary conditions are used here as bench-
marks. The first method is based on Fourier series expansions,
and it is referred to as the pseudospectral method (PM). The
general idea is taken from the published literature,'® but a pro-
cedure of solution has been devised to obtain the solution in
two steps, in analogous fashion to a superposition method. The
second technique corresponds to a standard, implicit, finite dif-
ference calculation. The finite difference equation (FDE) tech-
nigue is considered in the present analysis not only for its
flexibility in solving the discretized governing energy equation,
but also for studying its numerical efficiency relative to the
integral method.

II. Formulation of the IE

A. Nonlinear Boundary Condition

The unsteady heat conduction equation'’ for an axisymmet-
ric homogeneous cylinder with a continuous heat sink, initially
at a uniform temperature, may be expressed using dimension-
less variables as

_13 (n 93) — S = A0 — S(7) M
7 an

Under the premise that the thermophysical properties of the
medium are temperature-invariant, the transient radiative cool-
ing is described by the dimensionless variables, 8 = 7/T,, n =
r/R, and T = a#/R”. The analysis assumes that the heat transfer
occurs in the radial direction only. The specific strength of the
heat sink is assumed to obey an exponential law S(1) = Po-
e ™, and a power function of time S(7) = Po(Pdn". In the
Russian literature'” Pd is known as the Predvoditelev criterion
and is defined as BR*/a. The coefficient Po preceding the ex-
ponential function' is termed as the Pomerantsev criterion; in
the present case Po = R’w,A™'T; . The cylinder has an initial
temperature 7, and the ambient is assumed to be at an absolute
temperature of 0 deg.

The transient diffusion equation is subjected to the initial
condition 8(7, 0) = 1. The symmetry condition requires that
0'(0, 7 = 0. The boundary condition at the surface of the
cylinder may be conveniently written as 6'(1, ) = —F[6(1,
7)]. Specifically, the radiation condition F = Ef? is used to
quantify the heat losses from the cylinder surface during the
transient radiative cooling. For the linear case, one simply
takes F' = Bif,. The subscript s stands for surface temperature.
The constants of proportionality are known as the Stark num-
ber'” E = £ogT3R/A, and the Biot number Bi = AR/A. The sur-
face of the cylinder is gray with a total emissivity & taken as
a constant. The radiation shape factor between the surface of
the cylinder and the sink is one. The nonlinear integral equa-
tion is obtained by applying the Laplace transform to Eq. (1)
and the convolution theorem (see Appendix) to yield

T

6, D=1+ (1) -2 j FomI(n, 7 — v) dv  (2)

0

The source functions, where y(7) = —(Po/Pd)(1 — e ) or
x(7) = —(2/3)Po(Pd7*)'”, and the infinite series kernel given
by Il(m, 7 — ») = 1 + 37, Jo(puamJo(,) ™" exp[—(7 — v)ui)
have been used. J, represents the Bessel function of the first
kind of integer order zero where the u, are the roots of
J(pmn) = 0.

B. Time-Dependent Boundary Condition

This section considers that T, > T., where T.. is now the
ambient temperature. The dimensionless temperature is des-
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ignated by 0 = (T' — To)/(T. — Ty). As a consequence of this
definition the initial condition now becomes 6(7n, 0) = O,
whereas the symmetry condition remains unchanged. Conse-
quently, the Pomerantsev criterion acquires a slightly different
form since the ambient temperature is different from zero, i.e.,
Po = R*woA™(T.. — Ts)~'. However, the Predvoditelev crite-
rion does not suffer any modification. The approximation sug-
gested by Becker et al.” for the convective heat transfer coef-
ficient is chosen in this study. The convective heat transfer
coefficient in physical space is expressed as h = ho(l — €™ ™).
In this equation k, is the steady-state heat transfer coefficient.
At the solid surface the heat flux may be written as 6'(1, 7) =
—Bi(1 — e *)[6(1, D — 1]. The procedure for deriving the
nonlinear integral equation with a time-dependent boundary
condition is obtained similarly as for the Stefan—Boltzmann
radiating case. The cylinder temperature distribution in the
form of a Volterra convolution integral equation (see Appen-
dix) is given by

8(r, 1) = x(7) — 2Bi, f (1 = &6, — 1TI(m, 7 — ») dv
’ @)

In Eq. (3) the functions x(7), and II(7n, 7 — v) are described
in Sec. ILA. The constant A is defined as yR*c. It can be
shown that when A — < and 7. is set equal to zero, the time-
dependent boundary condition reduces to the linear case [see
Eq. (2)]. One can readily see that the desired surface temper-
ature is simply found by setting m = 1 in Eqgs. (2) and (3).
Since the kernel of the integral equation depends on the chosen
geometry, the IE in Eq. (3) is not the same as that solved by
Becker et al.” in Cartesian coordinates.

III. Numerical Solution

A. Integral Equation Method

The numerical method for solving the nonlinear Volterra
equation of the second kind is discussed next. It is convenient
to express Egs. (2) and (3) in a suitable form for numerical
treatment. Hence, the convolution integral equations in the in-
terval {0, 7] may be written generally as

f(n - J W(r, v, FLfW)D dv = g(n) “)

The existence of a unique solution to this nonlinear equa-
tion is required. It is plausible to assume for the moment that
W(r, v, FLf(»)]) and g(7) are smooth functions. By the use of
the linear multistep method,'®'*" the solution of the Volterra
equation is obtained by writing down Eq. (4) in a sequence of
equidistant points, 7; = %, + jH. Thus, the integral can be
approximated by adapting the idea of the quadrature rule,*
leading to a discrete convolution integral

f S dv ~ > We,b(H) )

The weights W, ; are defined next. The quadrature rule pro-
vides an equation

FGkH) — 2 W ¥ kH, jH, FIfGE) = g*kH) (6)

j=0

with £k = 0, 1, 2, .... The trapezoid rule fails to give
good accuracy and it is not recommended unless ¥ = ¥(7, v,
F[f(0))). This does not apply here and the integration proce-
dure requires another alternative. From the point of view of
the local truncation error, Simpson’s one-third rule is to be

preferred. However, in the procedure of computing the solution
for the temperature distribution, k takes even as well as odd
values, and a modification is necessary since the repeated ver-
sion of Simpson’s one-third rule is used only when £ is even.
As a result, a repeated version of Simpson’s one-third rule
together with Simpson’s three-eighths rule is used when k is
odd.*" This alternating combination generates the set of
weights that are needed to carry out the integration. When the
integer k takes on even values, Eq. (5) becomes

2iH -1
H 2H
f S dv= T [60) + SQUD] + 7 3 $QjH)
0 j=1
4H <
+ 5 2 QH + H) 0

and for k odd, it is recommended to write®'

Q@+ DH @I-2)H @i+ DH
f ¢(v) dv = f o) dv + J d(v)dv  (8)
0 [} (

21-2)H

with [ = 1, 2, .. .. Note that this scheme breaks up the inte-
gration time domain in two well-defined sets of panels. The
first set of panels corresponding to the integration interval 0
— (21 — 2)H yields an even number of subintervals. Thus, the
first integral on the right-hand side (RHS) of Eq. (8) is ap-
proximated by Simpson’s one-third rule, as was used earlier
for the case when £ is even. The second time range, 2/ — 2)H
— (21 + 1)H, which always has three panels, suggests the use
of Simpson’s three-eighths rule. The weights for Simpson’s
three-eighths rule are extracted from the ¢ coefficients on the
RHS of the expression given by

@1+ DH

3H 9H
j d(v) dv = ry o2 — 2H] + 3 o2l — DH]
[¢ |

21-2)H

+ 9?H $[2IH] + 3—8}-1 o2l + DH] )

Hence, for k odd, the global error is reduced by combining the
two integration rules. The method is stable and its rate of con-
vergence is proportional to H”. It has been found that the one-
third and three-eighth rules yield the best accuracy. The only
requirement is that the three-eighths rule has to be applied in
that interval for which the fourth derivative of the function is
smallest.

As the time variable increases, a new set of weights has to
be determined, so that the solution can proceed in a step-by-
step fashion. A condition satisfied by Eq. (6) is that f(0) =
2(0). Then, if f(H), f(2H), . .., fl(l — 1)H], have been found
in sequence, one gets the equation

FH) = W, P (kH, kH, F[f(H))) = g(kH)

+ > W, WGH, jH, FLFGE)) (10)

Jj=0

The linear multistep scheme has converted the nonlinear in-
tegral equation into a sequence of nonlinear algebraic equa-
tions with a single unknown, which represented in compact
form gives A[f(IH)] = 0. The order of the equation for A
depends on the kind of boundary condition. For example, the
Stefan—Boltzmann boundary condition gives rise to a fourth-
order algebraic equation. Solving this equation yields the sur-
face temperature at each step. The real zeros of the continuous
function are found by the secant method.

Often the question arises as to whether the qualitative be-
havior of the discretized equation reflects that of the original
problem. Lubich'' and Amini'? have analyzed this question and
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the stability problem. Lubich points out that the linear multi-
step method for linear integral equations is stable, provided
that f(7) remains bounded whenever g(7) is bounded. On the
other hand, Amini'* extends his analysis to include the nonlin-
ear convolution integral and establishes that uniform bound-
edness of the differential resolvent is necessary and sufficient
for uniform stability assuming sufficient smoothness in ¥ and
g(7). Since the surface temperature distribution of a convecting
or radiating object obeys a monotone decreasing (or increas-
ing) function, and the previous implications are met, the
method is guaranteed to be stable over the entire time domain.

B. PM

The temporal term in Eq. (1) is approximated by the usual
forward difference formula such that (6"*' ~ §")/Ar= A, 6"
+ S$"*'2(7). When this equation is multiplied by A7 and solved
for """, the following expression results:

(AT'A,, _ 1)0n+1 + S(T)n+l/2 =0 D

The second term on the left-hand side of Eq. (11) consists
of two known contributions, $""'? = 6" + A7-S"""2, where
S§™2 = (§"*' + §7)/2. With the previous discretization pro-
cedure for the heat conduction equation, the partial differential
equation collapses into a nonhomogeneous differential equa-
tion subject to a general nonlinear boundary condition denoted
as (6)"*'(1, 7) = . The solution to Eq. (11) proceeds in two
steps. In the first step the homogeneous problem is considered
imposing the nonhomogeneous boundary condition. In the sec-
ond step the nonhomogeneous differential equation is solved
subject to a homogeneous boundary condition.

For the first step, Eq. (11) simplifies to At- A, 0" — ¢!
= 0, subject to (8')""'(1, 7) = {". The particular solution hap-
pens to be given by

I/ VAT (12)
LANAT

The evaluation of the modified Bessel functions (I, I;) of in-
teger orders zero and one is discussed in section four. The
second solution requires that Eq. (11) be solved along with a
homogeneous side condition. Assuming that $"*'” in Eq. (11)
can be expanded into a Fourier series, the problem can be
stated by considering an eigenvalue problem instead. That is
to say, the solution to the problem

07"'(m) = {"VAT

(Am-A, — DO+ A05 =0 (13)
is sought, subject to (8;)""' = 0. The eigenfunctions are given
by 85" = C,Jo(k.m), and the eigenvalues satisfy the equal-
ity J,(x,.) = 0, where k,, = \/(A, — 1)/A7. Then, the sec-
ond solution is represented as a Fourier series, 67"'(n) =
3 aado(K.m), such that it satisfies Eq. (11). Analogously, it
is also valid to write S$ = 3, S, Jo(x,.m). Hereafter, the super-
script (n + 1/2) is dropped from S(7) and S,(7). What is
needed now is to know how a,, is related to S,. To derive the
relationship between the two coefficients, the Fourier series for

n+1

“*! and for S are substituted into Eq. (11) to get

2 ([a. AT A, — DJo(kum) + S, Jo(k,m] =0 (14)

n+1

Recalling that 67" = C,Jo(k,,7) are the eigenfunctions of the
eigenvalue problem for Eq. (13), then Eq. (13) can be cast in
the form (A7- A, — DJo(k.m) = — A, Jo(k,m). When this equa-
tion is substituted into Eq. (14) the desired relationship for the
Fourier series coefficients is obtained. Hence, the coefficients
a,, for the Fourier series of 85" are related to the coefficients

S,. through the equality —A,a, + S, =0, for m =0, 1, 2,
., . As a result, the second solution expressed as a Fourier
series is given by

©

Sm
03 (m) = 2, 2 Jo(i,m),
m=1 m

K. = VA, — D/IAT (15)
The complete solution is, therefore, 0""' = 67" + 65", One
has to keep in mind that § and { are evaluated at the layer (n).
Since A,, is calculated from the zeros of J\(k,), it is left to
determine the coefficients S,,. This is a straightforward tech-
nique using the orthogonality of eigenfunctions, thus,

2 b
Sm = 2 S JO m d 16
[JO(K,,,)]“L (mnJo(x.m) dn (16)

C. FDE Method

To find the transient temperature distribution, Eq. (1) must
be finite differenced and numerically evaluated. The spatial
derivative in Eq. (1) is finite differenced by using standard
central difference techniques while the time derivative is dis-
cretized with a forward finite difference equation. To eliminate
stability problems in the evaluation of temperature, an implicit
scheme is adopted. The complete details of the finite difference
formulation of the transient conduction equation is docu-
mented in the literature.”> Combining the finite difference form
of the temporal and diffusion terms of the heat conduction
equation yields a tridiagonal system of equations that can be
put in the following form: A,0:"! + B0 + C,0%/} = D*. In
this equation, the current time index is denoted as &, and the
subsequent time index for which 8 is being solved is & + 1.
The RHS vector D¥ = —8* + PoAte™™" is evaluated at the
current time. Of great importance in the temperature evaluation
is the incorporation of the boundary conditions into the tridi-
agonal coefficient matrix of the interior node points. At the
center of the cylinder, A, = 0, the tridiagonal form of the equa-
tion can be written as

4 4A .
—(1 + = AT) 05 + 5T 95 = — 0% + PoAre ™M (17)
2 72

At the surface of the cylinder it is required that Cy = 0, re-
sulting in the tridiagonal system

Ar(l + v /1w) geH!

N—1

3 [ - (2Aﬁ(9)~

(v — v-1) Ny~ Mv-1)
Ar(l + my_y/ &
+ AT /i) ’]”)] 64 = —0% + PoAre™™"  (18)
My — Mv-1)

The function J(0)k, in Eq. (18), is equal to E’|% for the
Stefan—-Boltzmann boundary condition, and is identical to Bi
for the linear side condition. When the heat exchange at the
surface obeys the time-dependent Newton’s cooling law, then
F(0), = Bio(1 — e 7). This kind of boundary modifies the
RHS independent vector with an additional contribution that
sums up to yield

D¥ = —0% + PoAre ™" — 2A7Bi(1 — ¢ M(ny — M)

IV. Results

Before going into the details of the numerical evaluation of
the integral equations, it is important to mention how the com-
putation is initialized. Because of the rapid variation of 6, for
small 7, it is crucial to get a few values of 6, for small 7.
Asymptotic expansions for small values of the independent
variable were derived for the two cases studied here. In what
follows case 1 means the Stefan—Boltzmann boundary con-
dition, and case 2 refers to the time-dependent side condition.
For case 1 two kinds of heat sinks are considered. One heat
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Fig. 1 Normalized surface temperature distributions of a radi-
ating cylinder without a heat sink.

source changes by an exponential law, x(7) = —PoPd ‘(1 —
e~™"), and the other as some power function of time, y(7) =
—(2/3)Po(Pd7)"*. The formula 8(7) = 1 + x(?) — 2E~/7/7
is used to determine the initial surface temperature for case 1,
whereas the following two-term equation, 6(7) = x(7) +
1.334A - Biy™\/ 7/, supplies the transient temperature values
for case 2. These two expressions are easy to get. Consider
the Stefan—Boltzmann boundary condition; one can see that
near 7 ~ 0, F = E@¢ ~ E. Then, taking the limit as s — % in
Eq. (A3), and subsequent application of the inversion theorem,
gives the desired expression. Typically, five temperature values
are sufficient to start the numerical computation.

The numerical results for case 1 without a heat sink are
shown in Fig. 1. The omission of the source term has been
made with the sole purpose of comparing the predictions with
an asymptotic expansion formula for large 7, derived using
standard techniques. The comparison is discussed later. The
mathematical analysis to obtain the asymptotic expansion is
not given in this article, but the interested reader can find the
details for the sphere problem in Ref. 7. Figure 1 compares
the IE numerical calculations with the PM and the FDE so-
lutions for four radiation numbers (0.01, 0.1, 1.0, and 5.0).
The IE temperature profiles are obtained with an initial time
step H = 0.01. Both the FDE and PM schemes, with 40 grid
points uniformly spaced along the radial coordinate, employ
the same initial time step. For Stark numbers, 0.01, 0.1, and
1.0, the IE approach requires an average of 1.5 s of CPU time
on an Alpha workstation. The FDE numerical method, on the
other hand, takes approximately a CPU time of 1.0 s on the
same computer. The CPU time for the PM is addressed later.

The heat transfer rate at the surface of the cylinder changes
drastically for small 7 as the radiation number becomes larger.
The initial time step is a critical parameter in the initial stages
of the computation. Although the integral method has been
demonstrated to be numerically stable and to possess good
convergence properties for H = 0.01, it can be seen from Eq.
(9) that as the initial step is reduced by a fraction of the orig-
inal H, the computing time is increased accordingly. This may
hinder the numerical efficiency of the multistep method for
large radiation parameters. For example, the numerical solution
from 7= 0 to 12 takes about 6 s on an Alpha computer with
" E =1.0 and H = 0.005. A shortcut is devised to avoid com-
putationally expensive runs for large E due to a small H. The
solution is found in a two-phase sequence. First, the code is
run for a given E with a very small H to a specified 7 that is
sufficiently large (r = 0.07). Second, within the prescribed
time range (0 < 7 = 0.07), five to six computed temperature
values that are selected arbitrarily, but taken at uniform inter-

vals based on an H that is a multiple of the original H of the
first phase, are chosen. Then, the code is run again for the new
H. In this form the complete temperature distribution is ob-
tained. Following this procedure the code takes only 2.0 s to
run on a workstation with £ = 5.0 (H, = 0.001, 7, = 0.07;
H, = 0.01, »», = 12) and reproduces the solid curve shown in
Fig. 1. The other two curves shown by dashed lines are found
in the usual way. The farthest curve from the solid line is
obtained with H, = 0.01, and the dashed line in between is
determined with a value of H, = 0.005. A quick calculation
using the asymptotic formula for large times, 6, = 7/T, = 1/
\3/6E'r, reveals that the IE, FDE, and the PM numerical so-
lutions tend to the asymptotic value 7/T, = 0.52, 0.24, and
0.14 for £ = 0.1, 1.0, and 5.0 at 7= 12. The asymptotic formula
fails for £ = 0.01 since the solution has not yet reached steady
state. This confirms the validity of such results and gives
enough confidence in the present method to handle nonlinear
boundary conditions.

The Bessel functions and the modified Bessel functions
needed for the PM calculation are evaluated directly by means
of numerical approximations, and the numerical integration
of Eq. (16) is performed with a Gaussian integration formula.”
Normally, an average of 18 s of CPU time on an Alpha work-
station is sufficient to get the desired temperature profile for
each radiation number.

Figure 2 shows the surface temperature results for the ra-
diating cylinder with an exponential heat sink taking Po = 0.50
and Pd = 1.00. Again, the calculations are executed for four
radiation numbers (0.01, 0.1, 1.0, and 5.0). The FDE and PM
solutions are performed with At = 0.005 and with the same
number of grid points that have been used in the previous case.
The integral method uses also the same initial time step. The
reason for choosing H as half of the value that is used to
generate most of the results in Fig. 1 is twofold. First of all,
it is convenient to eliminate the mathematical artifice adopted
for finding the predicted temperature distribution in two
strokes and to observe how the method responds. Secondly,
the numerical efficiency of each numerical approach needs to
be evaluated. In regard to the first question it can be seen from
Fig. 2 that there is a remarkable agreement between the IE
predictions with the FDE and PM solutions. The second ques-
tion is answered by comparing the corresponding CPU times
of the three methods using H = 0.005. The following CPU
time ratios are found: IEcp,/FDEqp, = 3, whereas IEcpy /PMcpy
=~ (0.2. What the first ratio implies is that the FDE formulation
tends to be computationally more efficient as H is reduced. On
the contrary, a reverse trend occurs between the IE and PM

1.0

-

IE

Fig. 2 Normalized surface temperature distributions of a radi-
ating cylinder with a heat sink that changes exponentially with
time.
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methods. At this point it is interesting to analyze the opposite
effect, that is, how effective the three methods are in predicting
the transient temperature as H is increased, say, by approxi-
mately five times its value (H = 0.025). Surprisingly, what is
found is that IEcpulFDECPU ~ 0.6, and IEcpufPMch =~ (.08.
This means that for greater H values the IE is better than the
FDE scheme, but the PM method becomes even less efficient.

The performance of the numerical integral method for han-
dling kernels expressed in terms of infinite series that contain
Bessel functions is evaluated next. The Bessel function of in-
teger order zero is evaluated by two polynomial approxima-
tions™ defined in the intervals: =3 = =<3 and 3 < 7 < o,
Figure 3 presents the internal and surface temperature profiles
for a cylinder with £ = 0.70 and a heat source that varies
exponentially with time. The Predvoditelev and Pomerantsev
coefficients are 1.0 and 0.10, respectively. To eliminate the
crowding of data points only two spatial locations inside the
cylinder are plotted. In all runs the three numerical algorithms
employ 0.005 as the initial time step. Even though Fig. 3
shows a time range from zero to three, the integration is carried
out until the dimensionless time reaches a magnitude of 12
units. At 7 =~ 3 the internal temperature distributions are almost
attained the outside surface temperature. Beyond 7 = 4 all
curves collapsed into a single curve.

The accuracy and robustness of the present method for solv-
ing Volterra equations of the second kind are verified by con-
sidering another source term variation. The trivial choice, that
is, a constant heat sink, is excluded here since this situation
does not pose any serious threat to the stability of the method.
The second and most important selection is to assume that the
source term is proportional to a power function of time. In
other words the heat sink is mathematically represented by
S(7) = Po(Pd7)'”. When the source term is inserted into Eq.
(1) and the corresponding integration performed, it results
that the noise function in Eq. (3) is given by x(7) =
—(2/3)Po(Pd7*)"*. The transient temperature for various Stark
numbers is computed using the three working numerical
schemes for Po = 0.01 and Pd = 0.05. The numerical predic-
tions computed with H = 0.005 are graphically represented in
Fig. 4 for a range of Stark numbers of physical interest. Here
again, the agreement between the IE method with the IFDE and
PM approaches is excellent. Also Fig. 4 displays the surface
temperature of the cylinder that has Po and Pd as 0.5 and 1.0,
respectively, for E = 0.01. The purpose of generating this dis-
tribution is to observe how the solutions for the two types of
source terms (Figs. 2 and 4) behave. The drastic decay of the
surface temperature toward zero happens in the time interval

1.0

USSR SN O SV SR

0.8
P4=0.10; Pd=1,00' |

T,

0.6

0.4

Fig. 3 Normalized internal and surface temperature distribution
of a radiating cylinder with a heat sink that changes cxponcentially
with time.

(0, 2) when the heat sink obeys a power dependence on time.
The solution for a source term that changes exponentially with
time reaches an asymptotic temperature value [0,(1, 7) — 0.47]
soon after the cylinder cools down to 0 deg when the source
term changes as a power function of time. Evidently, the
strength of the heat source that changes as some power func-
tion of time tends to accelerate the cooling process under the
same given conditions.

The numerical calculations for case 2 are shown in Figs. 5
and 6 for a specific strength of a heat source that is governed
by an exponential law. All three schemes use H = 0.01 as the
initial time step. In Fig. 5 the predicted temperature profiles at
the cylinder boundary are depicted for three steady-state Biot
numbers (5.0, 1.0, and 0.5). As the Biot number decreases a
discrepancy becomes apparent between the PM method with
respect to both the IE and FDE methods. The inconsistency is
accentuated for the curve corresponding to Bip = 0.5. Since the
IE and FDE formulations are more sensitive to the initial time
step, it happens that these two methods cannot resolve with a
high degree of accuracy the decay in the cylinder’s tempera-
ture for small times, unless a very small time step is taken; the
system of equations becomes stiff as Bi, — 0. For smaller H
the divergence starts to vanish as will be seen in the next
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=0.80 Pd=1.00 | |
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Fig. 4 Normalized surface temperature distribution of a radiat-
ing cylinder with a heat sink that obeys a power dependence on
time.
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Fig. 5 Normalized surface temperature distribution of a time-
dependent convective cylinder with a heat sink that changes ex-
ponentially with time.
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Fig. 6 Normalized internal and surface temperature distribution
of a time-dependent convective cylinder with a heat sink that
changes exponentially with time.

figure. The CPU time ratios, IEqpy/FDEcpy and IEcp;/PMcpy,
are comparable to those of the radiating cylinder. The temper-
ature history inside the cylinder has been computed at two
spatial locations. Figure 6 shows the thermal variation of a
cylinder with a steady-state Biot number equal to 0.70, a re-
laxation time constant of 3, and Po = 0.10 and Pd = 1.0. In
general, the comparison between the IE technique with the
other two mathematical schemes is acceptable. The chosen
time step used to run the code is taken to be half of what is
used in the previous situation, that is, 0.005. Although the
temperature range that was actually covered was from 0 to 12,
Fig. 6 only shows the internal temperature distribution in the
first stage where temperature gradients prevail. The entire tran-
sient cylinder’s temperature becomes identical as the time ap-
proaches 4.

V. Conclusions

In summary, the use of the linear multistep method based
on a composite formula works very well over the entire time
range for both cases 1 and 2. The numerical approach is nu-
merically stable and computationally efficient. The asymptotic
expansion for large 7 ensures that the solution is converged to
the correct steady-state temperature when there is no heat
source. When the user desires to take a larger step size (i.e.,
H > 0.005), the two-phase sequence is found to give acceptable
results, even if the kernel of the integral equation becomes stitf
(E > 1 and Bi < 1). The mathematical artifice can be avoided
at the cost of choosing a smaller initial time step. The numer-
ical solutions produced with the IE scheme agree reasonably
well with both the FDE and PM predictions in the time range
covered. In the present study the FDE and PM methods are
shown to be satisfactory, but rather wasteful because much
unneeded information concerning the internal cylinder tem-
perature must be obtained. The finite difference technique ap-
pears to be more efficient than the integral method as the initial
time step is decreased, but an opposite trend occurs as H in-
creases. In both instances the PM method turned out to be less
efficient than the IE scheme. The accuracy/robustness of the
integral method is proved by testing two kinds of heat sources,
an exponential law and a power function of time. Inside tem-
perature profiles have been obtained for cases 1 and 2. A wider
variety of dimensionless numbers have been tested, given in
all circumstances stable solutions.

Writing standard programs using routines for F[6,] and II(7,
7) as arguments, would make the integral equation approach
easier to use. Different geometries should be investigated.
Changes in the geometry alter the form of the kernel in the

integral equation, but the general principles used should be
applicable. To apply the basic idea to practical problems, the
integral equation for the surface temperature must be gener-
alized to multidimensional cases involving integration over
multiple space dimensions in addition to time. Obviously, this
is much more difficult. However, as the dimensionality is low-
ered more than for the original problem, there should be con-
siderable savings once standard programs are developed.

Generalizing the physical problem to include factors such as
nonuniform initial temperature, nonconstant material proper-
ties, and the presence of a surrounding medium, would be a
long range goal that would involve considerable difficulty. The
original problem would no longer be linear, and so it would
be difficult to set up the kernel of the integral equation as an
analytical expression.

It is important to keep in mind that, with the recent advances
in numerical analysis and the explosive developments of com-
putational devices of all types, it is a straightforward task to
carry out two- or three-dimensional simulations, which include
full radiation effects, by direct application of finite volume
techniques or a similar numerical tool. Nonetheless, it is im-
portant not to forget that these simulations regrettably rely on
linearization techniques for both source terms and nonlinear
boundary conditions. It is well known that an incorrect line-
arization of the source term may lead to a nonconverging so-
lution. Furthermore, unless the numerical method is fully im-
plicit, there is always the possibility that numerical instability
will be present. The majority of the available commercial
codes, if not all, use underrelaxation techniques since the gov-
erning equations are solved sequentially. It would be pertinent
to examine the behavior between an integral equation approach
and a finite difference scheme for the unsteady, multidimen-
sional energy equation, subjected to nonlinear boundary con-
ditions before a final conclusion can be reached.

Appendix: Volterra Integral Equations

This section presents the derivation of the nonlinear Volterra
equations of the second kind for the two study cases. The
Stefan—Boltzmann boundary condition is treated first assum-
ing that the source term changes exponentially with time. Ap-
plication of the Laplace transform to Eq. (1) yields

do ~ P
— t+t——sn=-7n+ n (Al)
n

where /{8(n, D} = 8(n, s). Initial and boundary conditions
are stated in Secs. II.A and ILB, respectively. The general solu-
tion to this linear, nonhomogeneous, second-order differential
equation is given by

Po _+ coimVs) (A2)

1
0=— - ———-—
s s(s + Pd)

The constant of integration C, is determined by combining the
Stefan—Boltzmann boundary condition with Eq. (A2). Doing
the algebraic work, the particular solution turns out to be

~ o1 __ Po _ FlmVs)
olm. ) = s s(s+ Pd)  \NsL(\Vs) (A3)

Here the recurrence relationship I,(x) = i "J,(xi) was used.
Now the convolution theorem given by

l {J G(T — VF(v) dv} = F(s)G(s) (A4)
[
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is used to invert Eq. (A3). The two Laplace transforms of F
and G are chosen as

o I(mVs)
O = sy

The recovery of G(7) follows from the inversion theorem,
stated as

F(s) = EI{F} (AS)

G(1) = 1 " expenl(mV2)
i Sy V2(V7Z)

d

pyr b4 (A6)
Notice that the presence of ()" in the denominator of Eq.
(A6) might lead us to believe that z = 0 is a branch point. By
expanding the integrand of Eq. (A6) relegating the exponential
function, it yields

IO(’\/E'U) _ 1 + an/zz + 127)4/(2242) 4 o--
Ve (Vo) 22 + 2(2%4) + -

The polynomial in the denominator shows clearly the absence
of a branch point at z = 0. Nonetheless, a simple pole exists
at z = 0. Next, the full argument of the integrand in Eq. (A6)
is expanded as

(A7)

expDly(Vzn)
Vzh(V7)
(L Tzl + 222 + 224 + -]
- 22 + 2124 + -

(A8)

for finding the residue at z = 0. Now, Cauchy’s residue theorem

S S ISP
Ra= [dzkl (z a)f(z)L (A9)

supplies the single pole. Taking a = 0 and k£ = 1, one obtains
R, = 2. Besides the single pole, G(s) has an infinite number
of poles at z = —u5. Those can be directly evaluated from the
generalized polynomials in Laplace’s domain

_ P(—pd)
= =1 .. (AR
‘ O(—p2) (T)
2/ =}

Setting P = exp(z*r)Io(n\/E), 0= \/2, and R = I,(\/E), and
carrying out the appropriate operations, one finds that the RHS
yields £ R = 2 exp(— 7)ol b MIo(L,), where w, is the nth
root of the characteristic equation, J,(u,) = 0. Hence, the in-
verse formula of Eq. (A3) occurs in the form of a Volterra
integral equation of the second kind given by Eq. (2).

For the time-dependent side condition, similar steps have to
be taken to reach the equivalent of Eq. (A3), which in this
situation happens to be given by

(A10)

o(r, n) = —;:—Z (1 — e ™) — Bi,l™" {':é(l, )

A ] Io(n\/E)}
sts + A) | VsL(Vs)

Applying the convolution theorem to this equation, the desired
integral equation, Eq. (3), is obtained.

-6, s+ A — (A1D)
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